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I. Introduction

HE intensive research by many investigators in the last

twenty years has yielded many results and numerous bits
and pieces of understanding of partial processes which oceur
in turbulence. A picture of turbulent flows now seems to be
emerging which ean guide further research and be directly
practically useful at least in a qualitative sense. I shall at-
tempt to describe elements of this picture in terms of the
physies of partial processes and observations. What I have to
say is not new and does not yield new quantitative results,
but may be helpful in further work.

Turbulence is a random process. We cannot and do not
want to know all the details of a random process. We have to
limit ourselves to a knowledge of relationships between sta-
tistical measures, such as averages of variables, product of
variables, correlations and joint probabilities. Examples of
such averages are the mean velocity field, the mean wall
stress, the heat flux, the local mean square velocity fluctua-
tions, power spectra of velocities and so forth. Modern elec-
tronics and computers now enable us to determine many
more statistical measures from experiments,

One has to be careful not to be misled by looking at aver-
ages, since averages may hide rather than reveal the physics
of a process. An absurd example may serve as an illustration.
Say that a blind man using a road bed sensor attempted to
find out what motor vehicles looked like. Happening to use a
road only traveled by airport limousines and motorcycles, he
concludes that the average vehicle is a compact car with 2.4
wheels. He might later attempt to construct a theoretical
model of the mechanics of such a vehicle, and may attain
fame for a tentative model that looks like a motorcycle with a
sidecar whose wheel is only in contact with the ground forty
percent of the time.

In turbulent shear flow, this kind of a vehicle has been
called an “average eddy,” and may or may not exist. The
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desire to interpret a random process in terms of describable
discrete events is easily understood; we must however always
keep the physics in mind to avoid misleading ourselves.

In my attempt to explain the physies of events in turbu-
lence, I shall start with the processes of instability and transi-
tion, where events occur in a more orderly fashion, and often
in isolation, and then use the descriptions of the physics of
such processes as elements for describing turbulent flows.

Next, some examples of how one can interfere with these
processes by changes in boundary conditions and changes in
fluid characteristics will be mentioned, as well as some com-
ments on what are the important variables in a few of the
engineering problems.

II. Process of Instability and Transition of a

Laminar Boundary Layer

The ideal case of the instability of a laminar flow was in-
vestigated by Tollmien,* Schlichting,? Lin,® and others. They
found that beyond a certain Reynolds number travelling
waves of velocity fluctuations could develop and grow with
downstream distance (Fig. 1).

Next, as analyzed by Benney and Lin,* and observed by
Schubauer, Klebanoff? and others, spanwise disturbances
cause local free shear layers to form which cause bursts of
high-frequency instability fluctuations, described by Kle-
banoff et al.5 The very high growth rate of such loecal in-
stability was analyzed, if not explained by Greenspan and
Benney.” Next, the flow erupts locally into the Emmons’

Fig. 1 Regions of instability and transition in laminar

boundary layer: I) stable; II) Tollmien-Schlichting

waves; III) Benney-Lin waves; IV) secondary breakdown;
V) Emmons spots.
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Fig. 2 Phase angles between U, and U; fluctuations and
resulting Reynolds stress.

spots,® which further downstream causes such a confused flow
that we call it turbulent.

In the stable regime, the flow can be described in terms of a
steady velocity field, U(x).
Schlichting waves, superimposes a fluctuating velocity field
N(x,t); the Benney-Lin waves add yet two more velocity
fields, one steady and one unsteady; next the bursts of local
secondary instability add yet another, which distorts every-
thing already there. How velocity fields interact by ex-
change of energy and vorticity is a basic element in the
physies of instability and turbulence.

II.1 Decomposition of the velocity field

Consider a total velocity field Q(x,t) with Cartesian com-
ponent §; and an associated pressure field TI. Let Q be com-
posed of two velocity fields

Qx,t) = Ux,t) + Ux,) 2.1
and similarly for the pressure field
I(xt) = Px,t) + Cx) 2.2)

and assume that the scales over which the fields change are
sufficiently different that they can be distinguished by taking
spatial averages, say over a few wavelengths of U in the mean
stream direction. Denoting this averaging process by braces,
{ 1, it shall be characterized by

W} =0 {¢} =0
Thus,
Ui = {Qz}> P = {H} (23)

The equations of motion, taking the flow to be incompressible,
are

0Q:/0t + Q;(0Q:/0x;) = —(1/p)(01l/0z:) + »V*Q: (24)

The equation for the vorticity { = curl U is
o, 1 oIl
AL DO g 1 2 (g
p Ox: ox;

where the summation conventions have been used. Alter-
natively, the equations can be written in vector form:

2Q/dt + (Q-V)Q = —(1/pVIL +»V?Q  (2.41)
V-Q =0 (2.51)
aL/ot + (Q-V)¢ = (L-V)Q + »Vi (2.67)

11.2 Reynolds Stress

Substituting for @, and II into Eq. (2.4) and averaging one
obtains Reynolds’ equation

dU; dU; 1dP 2
_— e — o — 2 .
ot oz, T p om  ox, )+ @7)

after taking account of the continuity equation (2.5) which
yields

The instability, the Tollmien-
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This shows the effect of Reynolds stress {U1;} on the mean
flow; the second term on the right of Eq. (2.7) gives the effect
of momentum transport by fluctuations, which appears to the
mean flow as an additional stress added to the pressure and
the viscous stress terms. In the case of Tollmien-Schlichting
waves, the fluctuations are almost periodic in the streamwise
direction, @; and their angles and amplitudes are functions of
the distance from the flat plate x:; one may write:

Wi(z1,2008) = Alzs) cos[a(m — cf) + v(z2)]
Ualzy,20,8) = Blae) cos[alzs — ct) + S(x2)]
Evaluating the Reynolds stress, one obtains
{Ulle} = 34 (@) B(xs) cosly(es) — )] (2.8)

Thus, there is no Reynolds stress when the oscillations are
w/2 or 3w/2 out of phase; the maximum stress occurs when
the oscillations are in phase for given amplitudes of oscilla-
tion. Choosing a coordinate system which moves with the
disturbances, so as to take out the oscillatory part of the dis-
turbance field, the disturbance will appear as closed stream-
line fields. One can then draw pictures of fields with different
relative phase of U; and U, (Fig. 2), and see how the inclina-
tion of an eddy disturbance affects the Reynolds stress, as
pointed out by Starr.?

I1.3 Energy Exchange

Next examine the energy relationships between the mean
flow and the disturbances. In Eq. (2.4), substitute for @,
and 7, multiply by first U, and average, then by 1, and aver-
age, to obtain, after some manipulation:

of . oflll} U oU:
ot v ox; 8 dz; Oz +
ai [ £ 6+ DJ’} 2.9)
L
and
ofg} _ gy 2Us _, [OWs Ol
at B {u’uf} axi i’ {bxl bx]- }
o —{G’uﬁ ) . v 08
axj[ p + Ui{e} + {8} + 3 axj] (2.10)

E is the kinetic energy density per unit mass in the mean
flowfield, E = U,U./2; & the kinetic energy density of the
fluctuations, & = UM./2; D = »(QU./dz,)0U./dx; is the
rate of viscous dissipation of energy per unit mass due to the
mean motion; and ® = v(OW,;/dz;)0lU,;/0x; is similarly the
dissipation function for the fluctuations, namely the average
product of viscous stress times strain,

Equations (2.9) and (2.10) show that the fluctuations,
through the Reynolds stresses, change F and {&}, that £ and
{&} also decay due to viscous dissipation. The third term on
the right in each of the equations is a divergence term, thus
integrating over a volume bounded by a surface S where the
term in the square brackets is zero, one finds that the integral
is zero, and the term makes no contribution to the total
energy, but only distributes it among velocity components.

We shall do this for Eq. (2.10) where the integration volume
is possible to specify. Thus, integrate instantaneously over
the volume limited by the solid boundary, of extent one wave-
length in the streamwise direction and a surface well into the
freestream, to obtain

©/2t) fffedV = — SFFUN,QU/0z,)dV — fffDIV +
ffD[—(Pu,‘/p + U,'S -|~ 11]-8 -V bg/ax,]n]dS
The surface integral is zero, since the integrand vanishes on

the boundary and in the freestream, as well as on nodal lines
of the W-field, where we placed the vertical houndaries. We
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are thus left with
@/ot) fff8dV = —fffUALQU/0x;) + D)V (2.11)

Introducing a velocity scale Uy and a length scale §, this be-
comes, in nondimensional form:

/" fffe'dV = — [N/ QU /0x,)dV —
(1/Re) Sff DAV (2.12)

where Re = Ud/», the Reynolds number, and the primes de-
note nondimensional variables.

The growth of an instability is thus governed by a balance
between production and dissipation, this balance being di-
rectly dependent upon Reynolds numbers, but the produc-
tion term is also dependent upon the relative phase of velocity
oscillations, which is affected by viscosity. There is for each
laminar flow a critical Reynolds number where it goes un-
stable. Squire! has shown that for infinitesimal disturbances,
it is the two-dimensional disturbance that is the most un-
stable, since the Reynolds number which appears in Egq.
(2.12) for oblique disturbance with wave propagation direc-
tion ¢ to the mean stream is Re cosd, thus the flow is most
unstable for cos? = 0. For finite disturbances, which affect
the mean flow, this is not the case. This is the reason we have
retained Eq. (2.12) in a form valid for three-dimensional
disturbances.

1I.4 Vorticity Exchange

Equation (2.67) shows that the total rate of change of
vorticity on the left is equal to the effect of stretching and
tilting of vortex lines (the first term on the right) plus viseous
diffusion. Tilting a vortex line changes its direction, and
therefore the relative magnitude of vorticity components;
stretching a vortex line concentrates the vorticity in a smaller
volume. Both effects are of crucial importance in the de-
velopment of boundary-layer transition.

To show that the fluctuations also change the mean vortic-
ity, set @;: = U; + ;in Eq. (2.6), multiply by Q;, where @ =
curl Q and average to obtain

(5; + Ua—) g ~ Wi T
az
e 5~ (Ul =H09:0: 213)

where ¢;;1 is the alternating tensor. The first term is the vor-
ticity transport term, the second contains stretching and
tilting, and the third gives the effect of Reynolds stress torque
working on mean rotation and the right hand term effects of
diffusion. Thus, the Reynolds stresses due to fluctuations
will change the mean vorticity level.
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Fig. 3 Oblique
waves forming
spanwise stand-
ing, streamwise
travelling waves.

HI. Three-Dimensional Disturbances

The Tollmien-Schlichting waves grow exponentially with
distance or with time as measured if one rides on a wave.
This can be seen from Eq. (2.11), since for infinitesimal
disturbances, where a linear approximation is valid, {1}
will be proportional to {&} and 0U;/0z;, will be unaffected by
the oscillations. 9 will also be proportional to {&}, so one
finds

d{8} /ot ~ B8}
and therefore

{8} = {8} explBt] CAY

The disturbance will therefore grow this way until the mean
flow is affected.

We can look at this effect the following way: Say that
Squire’s theorem breaks down, so that the most unstable os-
cillations are oblique waves. Since nature does not know the
difference between right and left, one must expect two families
of oblique waves to occur, as indicated in Fig. 3. This wave
field adds up to standing waves spanwise travelling in the
streamwise direction. In addition, the two-dimensional Toll-
mien-Schlichting waves that arose further upstream will also
be present.

Let us ignore them for the moment, and say that the mean
flow is U and the oblique waves are 1. U is periodic span-
wise, thus the Reynolds stress term in Eq. (2.7) is periodic
spanwise,

oU; oU;

1P @
a U B oz,

jbxj N ;_b-a:_bx,

W} + »v2U: (20

thus inducing a spanwise variation in the U-field. Equation
(2.10) shows that a spanwise variation of U;, in the form
oU./0x; will give a production term:

{uius}an/al's

thus affecting the growth rate and in turn the Reynolds
stresses which will change the mean velocity field.

This type of nonlinear instability, where the disturbance
changes the mean flow so as to enable it to increase its growth,
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Fig. 4 Spanwise distribution of mean and fluctuating

velocity components. % is spanwise distance. y =

0.31, -==y = 0.11 (from Ref. 6). w” and W are spanwise
velocities.

was analyzed by Benney* and observed by Schubauer and
Klebanoff.®* The presence of the Tollmien-Schlichting waves
plays a crucial role in this phenomenon, but we shall postpone
explanations and first look at some data.

Figure 4 shows mean and fluctuating components of velocity
as funetions of spanwise distance, as obtained by Klebanoff,
Tidstrom and Sargent.

The average vorticity equation

) d U, o
(—8? + Uj b:c,) Qi Q] 0175 VV QI -
az{uauk}

- €ijk m 3.2)

shows that there will be a vorticity periodicity spanwise in the
presence of a periodicity of Reynolds stress. But if the mean
flow varies spanwise, the vorticity must be advected at dif-
ferent speeds at different spanwise positions, thus vortex
lines, in order to remain continuous, must be stretched, thus
increasing locally some of the terms oU./0z; as well as U;
due to vortex stretching. Equation (2.10) shows that this
will change both {l1,1;} and 0U./dz; in the production term,
and thus the growth rate of disturbances d{&} /ot. .

1 H 1 L
02 04 06 08 10
uy, 1)

Fig. 5 Instantaneous velocity profiles at onset of second- .
ary instability (from Ref. 11).
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To recapitulate, a three-dimensional disturbance of finite
amplitude may modify the mean flow so as to enhance its
own growth rate and the rate of modification of the mean
flow. This process sets the stage for intermittent appearance
of local instabilities, which is the next stage in boundary layer
development.

IV. - Local Bursts of Instability

The combined effects of the spanwise periodic distortion of
the mean flow and the spanwise varying amplitude and form
of the fluctuations travelling dewnstream finally grow to a
magnitude which causes the instantaneous velocity profiles
in certain spanwise locations to have local inflection points,
as shown in Fig. 5, from Kovasznay.!! Linear analysis shows
that a free shear layer, that is a flow with an inflection point
in the velocity profile, is unstable.

If one tries to determine the growth rate of these secondary
instabilities for a steady, parallel flow with a profile corre-
sponding to the instantaneous profile observed, one finds a
growth rate orders of magnitude smaller than that observed.
Greenspan and Benney? have analyzed the instability of a
free shear layer of oscillating thickness by numerical means.
They found that indeed the energy of the secondary instabili-
ties grows much faster than instabilities in a steady flow, as
shown in Fig. 8, where the ratio of the fluctuation energy to
that for a corresponding steady flow is plotted for part of a
period of the basic oscillation.

This deserves a further explanation, since it most likely de-
scribes a phenomenon which also occurs in turbulent flow.
In order to examine the energy and vorticity relationships, we
shall have to consider the interactions of three velocity fields,
a steady one, a long wave fluctuation and a very short wave
fluctuation.

IV.1 Decomposition of Velocity Field into Three Fields

Let the total velocity field be described in terms of three
fields: :

QEY = Ux) + Uk + ulx,) (4.1)
with the corresponding pressure fields:
Ix,f) = Px,t) + ®x,t) + p(x,f) 4.2)

and let the scales of the three component fields be respec-
tively L, £ and [, where

L>» &>l (4.3)

and the time scales of fluctuation be similarly dissimilar (Fig.
7). Assume that the velocity fields can be distinguished by
averaging over different length or time scales. ’

Fig. 6 Growth of energy of
fluctuations in time depen-
dent shear layer divided by
growth rate in steady shear
layer (from Ref. 4).
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An average over many length or time scales of u, but over a
fraction of the scale of U will be denoted by angular brackets,
{ ). This is arranged so as to yield

(ug) = 0; )y =u {Uy) = Us; 4.4)

Thus, the small scale averages of the larger scale fields are in-
distinguishable from the fields themselves. This is, of course,
an approximation to any real flow.

Next, define an average over many periods of U1, but over
much less than the time constant of change of the mean flow,
by braces { }. This averaging procedure has the characteris-
tics: -

v} =0y U} = 0; fus} =0 (4.5)
Further properties of the averages are
{ua} =0 (waus) # 0
(4.6)

{wu)t = 0; (U} =0

This allows us to consider the mean effect of small scales on
larger scales and vice versa.

From the momentum Eq. (2.4), one obtains, after substitu-
tion, multiplying by U, U, and u, respectively, averaging and
some further manipulation, the three energy equations:

OF 0
> = ——Uigx“j ual} + {wan}) — D +
0o v OF
b—x,[ +UE+—Tj:| 4.7)
ofe} _ 111 QUi Q)|
o ({11111,} ox; {111 ox; }> o)+
o iow) »olel)
a[ Sl + e+ 5 50 | e
ey bll
0 i
gx—[ <”“>+ (U + We) + we) + - a@] (4.9)
where
E = U U/2; & =UNNy/2; e = Ui/2
and
_dUs oL ol all
D_Vbxj bxj’ gD_Vbx,- bx,-
bui bui
d=v ox; 0x;

are the corresponding dissipation functions.
Equations (4.7), (4.8) and (4.9) equate the rate of change of
kinetic energy per unit mass in each mode of motion to: An

Fig. 7 Decomposition
of velocity field into
three fields.
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Fig. 8 Increase in vortic-
ity by vortex stretching.

interaction term, the first term on the right, a dissipation term
D, D, d, respectively, and a divergence term in square brackets.

The divergence term contains the work done by pressure
gradients, one or more advection of energy terms and finally
an energy diffusion term, which for Eq. (4.8), for example, is

o? )
vy {8} = »V28

The averaging is equivalent to an integration over suitable
volumes. If the instabilities occur in isolated patches, it is
possible to define the averaging volume such that the distur-
bances vanish on the bounding surface, and the divergence
terms have a zero contribution to the average energy balance.
However, they do play an important role in redistributing
energy between velocity components and scales. We shall
ignore the divergence terms, which in effect amounts to saying
that we limit the discussion to times when the bursts of
turbulence are isolated.

The production terms containing the interaction between
pairs of modes add up to divergence terms, thus showing that
energy is indeed exchanged. For example, adding the terms
with U in Egs. (4.7) and (4.8) gives:

o] oU; e}
Uz axj u‘zu] unu] a S = axj (uquUz)
a divergence which will vanish upon integration over a suit-
ably defined volume.

IV.2 Effect of Primary Oscillation on Secondary
Instability Growth

First, let us observe that in order to thin down a shear
layer at one spanwise position without changing the mean
velocity difference across it, it must be stretched in the span-
wise direction (Fig. 8). This increases the vorticity, both in
the mean flow, which is three-dimensional in the primary
fluctuations 11, as well as the secondary instability vorticity
curl u. Thus, thinning a shear layer by stretching it laterally
will increase the amplitude of the secondary instability pro-

. portional to the amount of lengthening of the stream tubes.

This is only part of the amount of lengthening of the stream
tubes. This is only part of the effect, as can be seen from Eq.
(4.9). Ignoring the divergence term, for the reasons stated
earlier, we see that the growth rate of {¢) is proportional to
oll;/dx;, which contains terms describing the primary vortic-
ity fluctuations. Thus d{e)/dt is changed by changes in
oll,/oz;.
Further, looking at the productlon term in Eq. (4.8):

— {UDdusu,/ox;}

we see that if a secondary 1nstab1hty occurs periodically on a
primary instability, the primary instability can grow due to
the work done by the Reynolds stresses of the secondary
fluctuations. We can illustrate the interaction by a block
diagram (Fig. 9), which schematically shows how {&} governs
U, which pushing against the Reynolds stress (u.u;), governed
by and crudely, for selfsimilar growth, proportional to {(e),
puts energy into {§}, while the interaction (wu;)0U:/dz;
feeds (e).

This interaction may therefore enhance the growth of both
u and 11, also enabling both to.extract energy more efficiently
from the large scale velocity field. This is achieved through
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This removal of energy cannot go on forever, since the large
scale flow will react. Its energy density will change due to the
production terms in Eq. (4.7); the flow will be accelerated,
as can be seen from Reynolds’ equation:

DU 1 JoP
i Dx p Ox;

— V2 Uz =

-2 Hwunt + {UA;}] (4.10)

ox;

This equation, together with Egs. (4.7), (4.8) and (4.9)
illustrate a crucial fact about instability and turbulence which
is not mentioned much in the literature, namely that:

Reynolds stress is associated with generation of fluctua-
tions. No generation—no stress, no stress—no generation.
This says that in order to understand Reynolds stress, we
have to understand generation of fluctuations.

The generation of fluctuations also changes the vorticity in
the large scale flow. We see this by introducing the different
vorticity fields into the vorticity equation, taking the scalar
product of the large scale vorticity and averaging.

Decompose the total vorticity

ceurlQ = =W+W4+w
to obtain, from Bq. (2.6), after averaging and manipulating:
( +[]a>W’M aU -y WVW,: =
ox 2 (2]
ot

The first term is the substantial rate of change of mean
square vorticity, the second term is the vortex stretching and
tilting term, the third term is due to vortex diffusion. The
term on the right describes the torque from the Reynolds
stresses working against the large scale rotation of fluid
elements.

1t is therefore reasonable to expect that the combined ef-
fects of primary and secondary instability will change the
large scale flowfield quickly and radically, exhausting the

Fig. 10 Breakup following a burst of instability (from
Ref. 11).
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available vorticity for further growth, and causing a new
distortion of the velocity field, the Emmons’ spot.?

The regions of intense production occur periodically span-
wise and travel in the downstream direction. High produc-
tion regions are high Reynolds stress regions. They move
first at the speed of the Tollmien-Schlichting waves, that is
more slowly than the mean stream above, and faster than the
mean flow closer to the boundary. The production regions
therefore look like obstacles to the flow above and below.

A shear flow encountering an obstacle forms a horseshoe
vortex around it. - A moving obstacle should form two sets of
horseshoe vortices which may partially join. Since this proc-
ess is so poorly understood, I shall not attempt to describe it;
observations show that the flow erupts violently in a three-

_ dimensional manner.

Figure 10 shows a hydrogen bubble picture of a similar
event obtained by Kim, Kline and Reynolds.!?

1V.3 Recapitulation

We have made plausible even if not proved, that the oc-
currence of secondary instability can enhance the growth rate
of a primary instability and vice versa, that the combined ef-
fect upon the large scale flow may exhaust the available
vorticity and modify the large scale velocity field strongly.
It has also been shown that Reynolds stress and turbulence
production are inseparable events.

V. Tuarbulent Flows

We know many of the technically important facts about
turbulent boundary layers and some other turbulent flows.
For example, the drag caused by a turbulent boundary layer
can be closely estimated, the heat transfer from a tube wall to
a turbulent pipeflow is sufficiently well-known to design heat
exchanges and we have learned to handle other problems of
design of equipment involving flow by a mixture of empirically
obtained similarity laws and erude theory.

The question of why we should want to know more than
the mean or average effects in turbulent flow naturally arises.
First, because even in technical applications, the time-de-
pendent random events are important. For example, struc-
tural vibration induced by turbulent fluctuations involve
both the time-dependent stresses on structures and the re-
sponse of turbulent flows to time-dependent boundary condi-
tions. The erosion of a sand bed is not caused by the average
stress; the particles are dislodged by the intermittently oc-
curring large stresses. In aerodynamic noise, it is the fluctuat-
ing stresses on fluid particles that react on the surrounding
medium to emit sound.

Second, if we shall ever understand how one can change the
structure of a turbulent flow to, for example, lower drag, we
must understand the dynamies of turbulence in order to be
able to analyze and predict how flows are affected by com-
pliant boundaries, long chain polymer additives, impinging
sound and even unusual boundary geometry.

Finally, we want to understand more because of scientifie
curiosity, since turbulent flow is such an interesting example
of strong interaction between scales of motion, and if we can
reach a further partial understanding of such phenomena, we
may get new methods in statistical mechanics, which can be

20l U_= ?52 Et{m -
Fig. 11 Mean velocity
profile in turbulent
U= boundary layer. U* =
8 5.6 log y"+ 49 Uly)/u*s y* = yu*fp =
u* %t (from Ref. 12).
o -

N 0 100 y* 10°
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applied to a host of other phenomena, from social dynamics
to plasma physics, to mention two extremes.

We shall therefore summarily describe some of the mean
properties of the turbulent boundary layer to set the context
for further description and speculation about the dynamics of
turbulent flow.

V.l A Cursory Description of the Mean Turbulent
Boundary Layer

After transition oceurs, the flow stays turbulent, the turbu-~
lence being maintained by intermittent local generation and
by the more continuous generation by deformation of the
turbulence by the mean flow. Most of the velocity fluctu-
ations one observes at a given point in the flow was generated
somewhere upstream and blown at the observer. If one tries
to interpret the dynamics of generation by observing mostly
the debris from generating events, and not the events them-
selves, one may be in danger of constructing the counterpart
of the 2.4 wheeled motorcycle. Be this as it may, an average
is an average, and the average properties of the turbulent
boundary layer are well-known, due largely to the work of
Theodore Von K4rmén and improved upon by later workers.

The mean velocity profile over a smooth flat plate was found
to be by Coles'3: .

Ui (z2) 1
;+2 = fln(l + Kz) +

—0.33x2*
_"Y [1 —_ %oy M] +

s

1.38 [1 + sin[’r———<zcx2+ - 1)]}

2

where K is Von K4rmdn’s constant, v,d, are other nondimen-
sional constants, and the length »/u* has been used to make
the distance from the surface dimensionless:

2ot = zov/ut
w7 is the friction velocity, related to the Wéﬂ shear stress 7, by
Tw = put? ‘
Similarly, the wall friction coefficient ¢;:
cr = 2utt/U2
varies with Reynolds number R, = U,z:/v approximately as
c; = 0.370(logR,) ~2-58

which is a further development of a relation first obtained by
Von Kdrmén.

Experimental data!?.14.15 on the shape of the mean velocity
profile are shown in Fig. 11. The figure shows two of the
distinet domains of the boundary layer; the sublayer near
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Fig. 12 Distribution of rms intensities of velocity com-
_ponents in turbulent boundary layers (from Ref. 14).
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Fig.13 Mean production of turbulence P vs distance from
wall (from Ref. 12).

the wall, extending to approximately z,* = 30, and a layer
further out with a logarithmic velocity profile.

The Reynolds number of the sublayer, based on 2™ = 30,
and the velocity there is approximately 900, thus marginally
unstable, based on linear stability considerations. The drag
coefficient changes very slowly with Reynolds number, the
dominant dependence being logarithmic.

V.2 Fluctuations and Stresses

A typical distribution of root mean square intensity of
fluctuations of velocity components are shown in Fig. 12.
The intensity of 4, is seen to be a maximum near the edge of
the sublayer.

The distribution of production of turbulence!?.14.% defined
as

P = — uu(dU./oxs)v/u*t

and plotted vs y* = 2,7, it shown in Flig. 13. The production
is a maximum near the outer edge of the sublayer.

The production of turbulence is an intermittent process, as
has beenAShown by Kline, for example (Fig. 14), where pro-

duction P(f) has been plotted vs time for different distances
from the wall. Other data from a very interesting set of ex-
periments by Kline!? and his colleagues show that even at the
low Reynolds number of their experiments (B, = 3.5 X 10°
and 6.2 X 105 the production of turbulence seemed to be
associated with bursts or eruptions reminiscent of Emmons’
spots, that the production seemed to be dominated by the
production in bursts (Fig. 15), and that bursts occurred
separated in time (Fig. 16).

It is well-known that at very high Reynolds numbers,
turbulence occurs intermittently; the data of Grant, Stewart
and Moilliet'® show this for oceanic turbulence. Some of our
own data for the atmospheric boundary layer may serve as
further illustration. Figure 17 shows some traces of turbulent
velocity fluctuation above the sea surface for different fre-
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_}MJM_M (e}
4

e MA A 50
/J PRV NSV VSV NI R
1A b Aepin A S s 32
Pttt A 24

Fig. 14 Production P vs time at nine different heights in
boundary layer, from top y*+ = 88, 74, 60, 50, 40, 32, 24, 17,
and 10 (from Ref. 12).
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Fig. 15 Production P in bursts and between bursts vs.
distance from the wall y* (from Ref. 12).

quency bands. If turbulence occurs intermittently at high
Reynolds numbers (in this case B, = 10!), one must conclude
that turbulent production is highly intermittent, and that the
intermittency increases with Reynolds number.

In the following I shall discuss some of the mechanics of
such events drawing on the evidence which is developing, but
with the caution that I may be wrong in my interpretation.

VI. Suggested Mechanics of Bursts of
Turbulent Production

The evidence obtained so far by many workers shows that
generation of turbulence takes place in intermittent bursts,
that bursts are associated with distortion of the velocity pro-
files, that bursts contain velocity fluctuations of a range of
scales and that the intermittency, that is the time fraction of
no production, increases with Reynolds number.

This suggests that bursts of turbulence production are in
many ways similar to the events which precede and constitute
transition to turbulent flow, namely that a local instability
develops, which becomes three-dimensional, develops second-
ary instability and then changes the large scale flow radically.

VI.1 Reynolds Number

First, let us remind ourselves what Reynolds number is.
Based on boundary-layer thickness, for example:

R; = U.d/v
or written differently:

6/(7’/ Uw) = 6/lv

& is the boundary-layer thickness, I, is another length, the
length scale over which a velocity difference U, is dominated
by viscous effects. Stated differently, it is the length scale
which makes the Reynolds number of a flow typified by a
velocity U, equal to unity.

Thus, the Reynolds number is a measure of the largest
scale to the viscous dominated scale in a flow with a given
typical velocity. At the critical Reynolds number for in-

T T T T
T e 008 s
N g = 0,71 sec.
1 (3.5 min motion
- picture data) 1 Fig. 16 Number
10¢- . N of occurrence
8- = of time Tp be-
6| - tween bursts
sl - (from Ref. 12).
2 .
0 T
o 1 2 3 4 5
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stability, the largest scale and the smallest undamped scale of
fluctuation coincide.

At higher Reynolds numbers, the ratio of large to viscous
limit secales increases, partly due to changes of velocity pro-
files which then permit secondary instabilities. But where
secondary instabilities do oceur, it is of course possible that
tertiary instabilities also can occur, and even higher orders,
of still smaller scales.

One may guess that the number of participants in the
hierarchy of instabilities that can occur increases with Reyn-
olds number, but not very fast. A reasonable guess would be
that in a free shear layer, the number of simultaneously par-
ticipating instabilities should vary as the logarithm of the
Reynolds number. Let \; be the wavelength of the jth in-
stability; if we assume similarity in the instabilities:

MA =M D=NMN=...=Aa/Ay=a!
we find
M/ N o= a¥
and
N ~ loghy/N
Taking Av/\: to be a measure of the Reynolds number gives
N ~ logRe, (6.1)

Thus, we may guess that it takes large changes in Reynolds
numbers to make significant changes in the process of second-
ary instabilities which occur in a burst, and that therefore it is
reasonable that the properties of a turbulent boundary layer
vary so slowly with Re., and do in fact depend upon log Re..

Since the duration of a production burst and the interval
between bursts depend upon Reynolds number, intermittency
must be due to the efficiency of production and therefore the
rate of exhaustion of available vorticity being dependent
upon Reynolds number.

We shall therefore again look at what energy may reveal
about interactions between scales of instability.

VI.2 Interactions in a Burst

Look again at Eqgs. (4.7), (4.8) and (4.9), which we repeat
here for convenience:

OE 0 0

o5 —Uia—:c,- (U} + {uwwnl) — D + o2, [Ul; &7
O] _ _ypyy 205 [y, 20

ot u) oz; [uJ oz; ]

0
(D} + 52, Ml 4.8

Ole) oU; o, o ]
%) - (32 o) - @+ ol @)

ot
10 -20 Hz
o » bod L 4
‘Tﬂ 1 - t 4 i 1 3 Mf—ﬁ—
2-5Hz -
10 sec HOT FILM ANEMOMETER OUTPUT _',

FILTERED. HOT FILM 1 METER
ABOVE WAVE CRESTS

Fig. 17 Traces of velocity fluctuations in air boundary
layer above sea surface as filtered through two nonover-
lapping rectangular spectral windows.
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We shall assume that at least for a certain portion of the
lifetime of a burst of turbulence production it is possible to
define three velocity fields of different scales, and we take these
velocity fields to represent: Uj; the average large scale
velocity field during the time interval we consider; 11; the
primary instability which occurs during the burst; and u,,
the secondary instability taking place at certain phases of the
primary instability.

Again we shall neglect the effect of the divergence terms.
We can then discuss the interactions during the first occur-
rence and early life of a burst.

The local large scale velocity profile may lock like any one
of three profiles on the right of Fig. 18, which shows profiles
during a burst.

The primary instability may be Tollmien-Schlichting waves
associated with the first oceurring unstable profile, the one to
the right, and the secondary instability connected with local
instabilities of even shorter time average profiles.

As in Jaminar instability and transition, Eqs. (4.7)-(4.9)
show that a primary instability may draw energy from the
mean stream:

— {1} oU /o, (Eq.[4.7])

that a secondary instability may increase the growth of the
primary instability: '

- {111 b(u,u,)/bx,} (Eq [47])

The straight growth of a primary instability, or three-dimen-
sional growth which enhances the term oll;/0z; even more,
through vortex stretching, will help the growth of secondary
instability through the term

— {uu;) OU./x; (Eq.[4.9]))

The presence of secondary instability will therefore change
the growth rate of primary instability and viee versa.

Now if there was a whole hierarchy of instabilities which
oceurred and which for a short time could be distinguished by
scale, the higher order instabilities would help the growth rate
of the lower orders, and the other way around. We may guess
that the larger the number of higher order instabilities that
can participate, the more violent the growth rate, the higher
the production of turbulence and the quicker the large scale
flow will be drained of available vorticity. Thus, for high
Reynolds numbers, the bursts of turbulence production
should be expected to be more intense but shorter in duration.

Evidence for intermittent three-dimensional instability
has been obtained by Kline and his associates, and more re-
cently by Gupta, Laufer and Kaplan.'* Figure 19 shows an
example of spanwise velocity correlations which were found
by short-time averaging of velocity fluctuations.

VI.3 Pressure Field due to a Burst of Turbulence
Production

Taking the divergence of the momentum equation, ignoring
viscous stresses, one obtains

0/0z;{0Q:/dt + 3(QQy)/0z;] = — VI/p  (8:2)

or, taking account of the continuity equation for incompres-
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Fig.18 Sequence of velocity profiles during a burst of pro-
duction (from Ref. 12).
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sible flow:
V2H/p = —62(Q1Q,)/bxlbx, (63)

Substituting for @; = U; 4+ W; + u; and similarly for pres-
sure, one finds, after averaging over a scale larger than the
scale of 11 but smaller than the burst:

VP = —p(02/dxdx;){ UA; + @)} (6.4)

having assumed that the large scale motion can be ignored
here as being independently in equilibrium or too slowly vary-
ing to contribute much to either side of the equation. Thus,
there is a pressure field associated with a turbulence produc-
tion event, that is a Reynolds stress burst, and the scale of the
pressure pattern is the scale of the bursts, not the scale of the
local fluctuations within the burst. Therefore, we must ex- .
pect the fluid within the burst to be accelerated; this may
contain an explanation of the violent ejection of turbulent
fluid away from the sublayer as observed by Kline and shown
in Fig. 18, as a movement upwards of the free shear layer
portion of the velocity profile.

In the spanwise center surface of a pateh of production, the
dominant term on the right of Eq. (6.4) will most likely be:

0%/0x:dze{ (U We + (urus))}

and one should guess that ({Ulls} + {(wus)}) is predomi-
nantly an even function of z;, as measured streamwise from
the middle of the patch. This means that the derivative is
odd in z; and therefore is an odd function of z, distance from
the center of the patch. The vertical velocity of fluid within
the patch is upward as the patch reacts to the pressure field it
generates. This may furnish a partial explanation of the re-
sults of the pressure—velocity correlation measurements of
Willmarth,'® as shown in Fig. 20, as the contour of the in-
stantaneous correlation between wall pressure at (X;, 0, 0)
and spanwise velocity us = w (21 + £,22,23) for four values of £.

One can see the surface of zero correlation lift with down-
stream distance, and may imagine that the sets of closed
contours may be associated with vortices.

VI.4 Large Scale Eddies

Landahl'® has shown that the wall pressure space-time cor-
relation in a turbulent boundary layer can be approximated
by considering the wall pressure fluctuations being due to the
characteristic modes of the mean profile and excited by white
noise.

He takes the mean velocity profile, performs a linear
stability analysis to find the propagation characteristics of
disturbances as function of frequency. These disturbances
are all damped, since the mean velocity profile of the flow is
stable. He then assumes that the excitation is white noise,
computes the corresponding properties of the wall pressure
correlations and finds reasonable agreement with experiments
for convection velocity and streamwise decay of cross-spec-
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tral density. Figure 21 shows how his results compare with
observations of Willmarth and Woolridge.2

1f indeed the production events are intermittent and short,
the spectral characteristics of the associated stress patterns
should be similar to white noise at least for low frequencies.
Thus, a possible explanation of the success of linear analysis,
as demonstrated by Landahl, may be that the large scale dis-
turbances may indeed be created by generating events, but
that their subsequent development is largely independent of
bursts of generation, the latter being relatively rare.

VI.5 Recapitulation

Based on the experimental results available so far, it ap-
pears that the bursts of turbulence generation may be started
by accidental distortions of the velocity profile due to large
eddies interacting. These larger scale disturbances were pro-
duced upstream by other production events.

The production event involves strong interactions between
many scales of motion, and the growth rate of disturbances
may greatly exceed that predicted by linear theory. The
production patches are finite in scale, move, and represent
transient stress anomalies of a scale equal to the size of the
patch.

The event terminates in a violent ejection of fluid away from
the wall, caused by interaction of the pressure pattern gen-
erated by the burst with the large scale velocity field and the
excitation of a large scale wave. For increasing Reynolds
numbers, the production events become more violent and
more intermittent.

In order to throw some additional light on these processes,
we shall next show some examples of how modifications of the
fluid or the boundary conditions change the processes.

10 |
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Fig. 21 Streamwise decay of crosspectral density of wall
pressure (from Ref. 19).

Fig.20 Contours of constant correla-

tion between wall pressure at (x,0,0)

and spanwise velocity at (x; + &,

x24x3) for four values of ¢ (from Ref.
18).

VII. Examples of Effects of Changes in Fluid or
Boundary Conditions '

To start with one extreme example, we look at some data
from the boundary layer over the sea surface, obtained by
Barger?! et al. The Reynolds numbers for these measure-
ments, based on an upstream distance of the seabreeze field of
50 km and a wind of 20 knots is 5 X 101 The estimated
momentum thickness Reynolds number is 108, thus well be-
yond what can be achieved in wind-tunnel experiments. The
intermittency of turbulent fluctuations are shown in Fig. 17.
The production of turbulence for this case must involve the
dynamics of the boundary, which is capable of supporting
surface waves of scales covering a range from 107! ¢m to
10% em at least. The work done on the water to make waves
must equal a stress times a strain, thus, the reactions of the
stresses on the water act on the air to produce turbulence.

Figure 22 shows the amplitude of selected bands of surface
waves vs time. The patchiness of occurrence of small scale
disturbances and their phase relationship to the big waves is
apparent.

We changed the dynamics of the surface by covering it by a
km? slick of oleyl alcohol, effectively eliminating the capillary
waves. The striking effect on the large scale wave field is
shown in Fig. 23, which shows the wave spectrum before A,
during B and after C the slickpassage. The presence of small
scale unstable disturbances obviously has a profound effect
upon the generation of large scale disturbances of scales 10*
larger. Barger?! et al. also have shown a strong effect of slicks
on the correlation between sea-surface slope and air velocity
fluctuations. .

Yet another example is the effect of the addition of long
chain polymers to water upon a turbulent pipe flow. Virk,**
among others, has shown the effect of such additives upon
skin friction, and has offered as an explanation the role of the
molecules as mechanisms for energy storage in extensional
vibrations. This role can at least be made plausible by look-
ing at the energy equations, interpreting the velocity fields
differently.

Say that: U, is the mean flow; U, is the turbulent velocity
field; and wu; is a velocity field which is coupled to molecular
vibration., Even if u; is of much smaller time and space
scales than U;, Eq. (4.9) shows that (¢) may be excited pref-
erentially at certain phases of W;, where oll,/0z; is large,
as long as an instability is possible. Be that as it may, Eq.
(4.8) shows that if (u.;u;) occurs preferentially at certain
phases of 11;, the production of U, is affected. Thus, it is not
the scale of the fluctuations of the small scales, but the size
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Fig. 22 Wave gage output in selected frequency bands,
showing intermittent occurrence of high-frequency
waves.

of the region of fluctuation which matters. These examples
illustrate how fluctuations of great disparity in scale may
strongly interact, and we shall mention a few more examples
of disparate scale interactions.

VIII. Examples of Strong Interactions between
Disparate Scales of Motion

One familiar example of a flow where instabilities of very
different scales occur is the flow of a jet from a short orifice,
where the boundary-layer thickness at the exit is much
smaller than the jet diameter. The thin free shear layer will
be unstable with wavelengths of fluctuation proportional to
shear layer thickness. This shear layer instability is rather
orderly, although the growth of fluctuations is rapid.

If this flow is coupled to the instability of the jet as a whole,
one may speculate that the production events of shear layer
turbulence may take place at preferred phases of the large
scale oscillations. These patches of production may be
rather well organized, be much larger then the shear layer
thickness, and certainly be well defined geometrically. The
pressure field associated with such patches is given by Fq.
(6.4):

VP = —p(@%/0zz) (UL} + {@ap})  (6.4)

to an inviscid, incompressible approximation, and the right-
hand side is Lighthill’s?® source term for aerodynamic sound.
One may therefore speculate that at very high Reynolds num-
ber, where there is room for great disparity in scales of turbu-
lence, these patches may act as strongly directional intermit-
tent emitters of sound. The crackling noise one hears in cer-
tain directions from large jets may be caused by this phenom-
enon, although more research is needed to discover the exact
mechanism.

Yet another example of very large Reynolds number phe-
nomena where turbulence is patchy, is found in the atmo-
sphere, where patches of turbulence of a large range of scales
are surrounded by quiescent regions. Fronts, squalls and
clear air turbulence regions are examples. This brings up the
difficulty of describing such phenomensa in terms of time
average statistical measures, which is where we started.

IX. Observation of Intermittent Events

Intermittent events tend to get lost in time-averages, unless
one only measures variables which are uniquely typical of the
events. Reynolds stress may be such a unique variable for
very high Reynolds number turbulent flow. If one can find an
indicator of an event, one may then measure other variables
intensively for the duration of the event. Such conditional
sampling techniques have been used by Kovasznay and by
others. A crude statement of the idea is that if events are
similar, one should measure the living daylights out of one
and then sit back and count to get the average effect.

In order to illuminate the dynamics of intermittent produc-
tion of turbulence, we must attempt to devise experiments

PHYSICS OF TURBULENT FLOW 1227

to— 0 SEC—ay

Fig. 23 Specira of sea surface waves before (A), during
(B) and after (C) the passage of a 1+ km? surface slick (from
Ref. 21).

that pose intelligent questions of nature, so to say. Examples
of such questions are:

How does production burst duration and frequency of oc-
currence vary with Reynolds number for a given flow?

If we choose a frequency wy or wavenumber ko, how do
Reynolds stresses due to fluctuations of all higher frequencies
or wavenumbers correlate to the fluctuations of lower fre-
quencies or wavenumbers? How does this correlation vary
with we or ke? This, in effect, attempts to resolve the term

(uu;YOWN./dx;

in the frequency domain. What is the space-time correlation
between pressure and Reynolds stress? How can this be
resolved in the frequency domain?

What is the structure of a burst of production and can one
describe its time development? This is in fact what the
measurements of Gupta!” and of Kim and Kline suggest.

One may next ask whether the growth rate of a disturbance
N due to stresses from smaller scale bursts should not be a
function of U. If this effect is dominating, one may expect a
logarithmic-normal distribution in energy of larger scale
disturbances. What is the probability distribution funection
of the energy in spectral components?

These questions, of course, make one envision complicated
arrays of hot wires and transducers, so complicated in fact,
that one wishes one were smart enough to avoid such com-
plexity. To discover such experiments is of course the chal-
lenge for the future.

However, all experiments on turbulence and turbulent
production at high Reynolds number will have to employ
some kind of conditional sampling to avoid having the aver-
aging over adolescence and death of turbulence obscure the
dynamics of generation.

X. Conclusion

I have attempted to illustrate where we now are in our
understanding of turbulent flow as seen from an experi-
menter’s viewpoint. Although the arguments may be crude
and incomplete, I hope some of the dynamics of turbulence
may have been communicated, and that I have not irritated
the experts too much in the process.
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Reduction of Launch Vehicle
Injection Errors by Trajectory Shaping

Ricaarp RosEnBAUM™
Lockheed Missiles & Space Company, Palo Alto, Calif.

A method is presented for shaping a booster trajectory to minimize the sensitivity of termi-
nal constraints to variations in vehicle or atmosphere parameters. The unique feature of
the problem is that the payoff function depends not only on the state variables and the con-
trols, but also on the adjoint variables (Lagrange multipliers). In order to apply the gradient
optimization technique, two new sets of differential equations must be integrated. An ex-
ample, using the Scout booster, is given in which it is shown that the sensitivity of terminal
altitude to variations in first stage burn rate can be reduced by 50%,.
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Superscripts

f final

1 initial

T transpose

[ |

Subscripts

nominal
perturbed

n
P
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Introduction

HE advent of the high-speed digital computer, together

with the development of the gradient method of trajec-
tory optimization, has made it possible to rapidly determine
the maximum performance of booster vehicles. In many
cases, however, the capability of the booster exceeds the
mission requirements. The payload to be placed in orbit,
for example, may weigh considerably less than the maximum
payload that the booster can deliver into orbit. A variety
of trajectories will satisfy the mission requirement. It is



